Abstract: GMW sequences (also called cascaded GMW sequences) have two-level autocorrelations. This property makes them widely used in various communication and cryptographic systems. The generation of q?ary GMW sequences of period q n ? 1 involves three types of parameters. To determine whether GMW sequence are cyclically shift distinct for di ering parameters has remained an open question until now. In this paper, we completely solve this problem for varying all three types of parameters. We nd a criterion for cyclically shift distinct q?ary GMW sequences of period q n ?1, and obtain the number of such sequences. For the special case of q = 2, this solution facilitates counting the number of cyclic Hadamard di erence sets which correspond to binary GMW sequences of period 2 n ? 1.
Introduction and Notation
All GMW sequences (also called cascaded GMW sequences) have two-level autocorrelations. This makes them suitable candidates for pseudo-random sequence generators which are employed in various communication systems, networks with security features, and cryptography. In most of the applications, such as signal detection, radar ranging, wireless communication networks and stream ciphers, it is necessary to know whether the sequences employed are cyclically shift distinct.
A q?ary GMW sequence of period q n ?1 is determined by a so-called GMW function (also called a cascaded GMW function) from GF(q n ) to GF(q). Some GMW functions can be used to construct Boolean functions that satisfy the Strict Avalanche Criterion (SAC) 8]. The Boolean functions with SAC are employed in block cipher systems and stream cipher systems 11] . Hence, to determine whether GMW sequences for varying parameters are cyclically shift distinct (or cyclically inequivalent) is quite important in communication systems or conventional key cryptosystems where GMW sequences or GMW functions are employed. The auto/cross correlation, linear span and related properties of GMW sequences are discussed comprehensively in the literatures 2, 3, 4, 5, 6, 10, 13, 14] for di erent values of q and the lengths of the associated eld chains between GF(q) and GF(q n ). Since the method of generating GMW sequences is complicated, involving three types of parameters, this problem has remained open until now. The authors solved this problem for a given eld chain in 9], i.e., with two types of parameters xed . In this paper, we completely solve this problem with all three types of parameters varying . If q = 2, these sequences correspond to cyclic Hadamard di erence sets with parameter (2 n ? 1; 2 n?1 ? 1; 2 n?2 ? 1). Our result also solves counting the number of di erent cyclic Hadamard di erence sets which are constructed from binary GMW sequences of period 2 n ? 1.
We will use the following notation throughout this paper. In this paper, we always assume that c i (0 i r) and n i (1 i r) are positive integers satisfying c i = c i?1 n i ; n i > 1; 0 < i r: (1) The corresponding eld chain GF(q) = F 0 F 1 F r = GF(q n ); F i = GF(p c i ); q = p c 0 : (2) will be written simply as c = (c 0 ; c 1 ; ; c r ). Let a vector s = (s 0 ; s 1 ; ; s r ) be a c?integer system, i.e., 
Here for any function f(x) from K to F and any function g(x) from F to E, the notation g(x) f(x) means their composition g(f(x)), which is a function from K to E. For Since technology has changed rapidly in recent years, wherever binary sequences were used qary sequences can now be considered for most application. Hence, there is no need to use di erent names for di erent values of q. For r > 2, at each stage, there is the same operation as for the original GMW sequences, i.e., raising to a power, then applying a trace function. Therefore 
We also say that e is a p-coset leader for short. We recall the following result from 9]: The construction of a GMW function f c;s from GF(q n ) onto GF(q) involves three types of parameters. The integer r is the length of the eld chain between GF(q) and GF(q n ), i.e., the number of factors of n in which n is factored as n = n 1 n r , n i > 1 In this paper, we completely solve the problem of determining whether A c(r);s(r) A d(l);t(l) ; i.e., we obtain the following criterion.
Criterion Let In other words, q?ary GMW sequences of period q n ? 1 are cyclically shift distinct whenever the parameters are di erent. This is intuitively the expected result. For example, in reference 2], this result was used without proof for counting di erent GMW sequences with the parameters: q = p > 2, l = r = 2 and s 0 = t 0 = 1. We will see later that even for this simple case the proof is not trivial.
The purpose of this paper is to prove this criterion and to derive the number of CSD q?ary GMW sequences of period q n ?1 by using this criterion. The technique used in this paper can also be applied to sequence design. Speci cally, the Splitter Lemma, developed in this paper, exhibits the behavior of two composition functions, each of them a composition of a trace function and a general mapping, associated with a commutative diagram for sub elds.
The paper is organized as follows. In Section 2, we show some basic properties of q ? ary GMW sequences. In Section 3, we show the Splitter Lemma as well as several auxiliary lemmas which will play a crucial role in proving our main results in the following sections. In Section 4, we introduce the proper composed eld of two nite elds, and then we prove the Criterion for A c(2);s(2) A d(2);t (2) . In Section 5, we exhibit some deep behavior of GMW functions for r > 2, which we call a charateristic property of GMW functions. In Section 6, using the results that we develop in Sections 2-5, we prove the Criterion for A c(r);s(r) A d(l);t(l) for r > 2. Section 7 gives the counting number for all CSD q?ary GMW sequences of period q n ?1. We also include in this section the total number of cyclic Hadamard di erence sets with the parameters (2 n ?1; 2 n?1 ?1; 2 n?2 ?1) that are constructed from the binary GMW sequences of period 2 n ? 1, and some examples.
Basic Properties of GMW Functions
In this section, we list some known properties and present some new basic properties for GMW functions that will be used throughout the paper. Proposition 1 Let K be an extension eld of F 1 , and let both g(x) and h(x) be non-zero functions from K to F 1 The following result is due to T. Herlestam 12] in 1985.
Proposition 3 (Herlestam 1985 This greatly reduces the complexity of the proof of the Criterion.
Splitter Lemma
In this section, we will develop a very important lemma, called the Splitter Lemma, which will play a key role in the proof of the Criterion. We will also present several auxiliary lemmas associated with a commutative diagram for sub elds.
We list the following facts concerning trace functions that will be used frequently.
Let q = p w and F i = GF(q i ), i 2 f1; n; m; nmg. (Note: here F i is di erent from the eld chain de ned in Section 1. We use the same notation since it should not cause confusion.) We will use the notation: Tr j i (x) = Tr F j =F i (x) where ijj and i; j 2 f1; n; m; nmg in this section and the next section. Note that with this notation we ignore a common factor w, where q = p w in the notation listed at the beginning of this paper. Henceforth, all the results considered in this section are related to the following commutative diagram for sub elds of a nite eld. 
The result will follow by applying to (17) the same method that we used for m < n as follows. We now rewrite (16) According to Theorem 1, we get k 1 (mod p w ? 1) which is a contradiction with the assumption.
Case (c) Let k = p i . Using the same argument as in Case (a), we obtain c m 1 (mod q n ? 1).
Since c m < q m ? 1 < q n ? 1, c m = q j for some j < m, which contradicts the assumption. In this section, we introduce the proper composed eld of two nite elds and give a proof of the Criterion for the case r = 2. From Lemma 2, it is clear that the GMW-function f(x) = f ((F 0 ;F 1 ; ;Fr);(s 0 ;s 1 ; ;sr)) (x) satis es the following two conditions:
1. f(x) 2 GF(p) x], i.e., all the coe cients of the reduced polynomial expression of f(x) are elements in GF(p). De nition 2 Let F 0 F. We say that a surjective function h(x) from F to F 0 is a quasi-GMW function if it satis es the above two conditions.
In the following, we work in the algebraic closure of GF(p), written as GF(p), that is, all the nite elds considered can be regraded as sub elds of GF(p). Let F i = GF(q i ), i 2 f1; n; m; nmg, be nite elds in GF(p), and let T be the composed eld of F n and F m , i.e. the smallest eld containing F n and F m , denoted by T = C(F n ; F m ). It is known that T = GF(q m;n] ) and U = F n \F m = GF(q (m;n) ). If n 6 = m and n 6 jm and m 6 jn, then T is a proper extension of F n and F m . In this case, we call that T is proper. Othervise, T is non-proper. Proof. If (n; m) = 1, from Lemma 6 the result is true. Next we suppose that (n; m) = u > According to Theorem 1, we then get s 1 = 1 and t 1 = 1 which contradicts s 1 6 = 1 and t 1 6 = 1. For Case (ii), using a similar argument to the one in Case (i), we get s 1 = 1 and t 1 = 1, which contradicts s 1 6 = 1 and t 1 6 = 1. For Case (iii), applying Lemma 8, we also get s 1 = 1 and t 1 = 1, which again contradicts s 1 6 = 1 and t 1 6 = 1. Hence c(2) = d (2) . Applying Theorem 1, we get s(2) = t(2) and = 1.
2 Thus far, we have proved the Criterion for l = r = 2.
We will conclude this section by generalizing the Splitter Lemma to the case (n; m) 6 = 1, which is a version that we will use in the next section. Lemma 9 Let F i = GF(q i ), i 2 f1; n; m; nmg. Let Proof The rst assertion is a consequence of the rst paragraph of the proof of Lemma 7 for the case (n; m) 6 = 1. For the second assertion, without loss of generality we can suppose that h(x) = P h i x i ; h i 2 GF(p). By expanding (x) Tr Fm=U (x c ) and comparing the coe cients of both sides of (36), we get (x) = P b i x i ; b i 2 GF(p). Similarly, we get g(x) = P g i x i ; g i 2 GF(p). 2 
A Characteristic Property of GMW Functions
In this section, we will prove that Lemma 7 is true for a GMW function of length r > 2. We call this a characteristic property of GMW functions. Table 1 
